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1-Introduction 
     Let 𝐻(𝑈) be the class of functions which are analytic in the open unit disk 𝑈 =

{𝑧: 𝑧 ∈ ℂ 𝑎𝑛𝑑 |𝑧| < 1}. For 𝑛 ∈ 𝑁 = {1,2,3, ⋯ } 𝑎𝑛𝑑 𝑎 ∈ ℂ. Let 𝐻[𝑎, 𝑛] = {𝑓: 𝑓 ∈

𝐻(𝑈) 𝑎𝑛𝑑 𝑓(𝑧) = 𝑎 + 𝑎௡𝑧௡ + 𝑎௡ାଵ𝑧௡ାଵ + ⋯ } and suppose that 𝐻଴ = 𝐻[0,1]. We denote by 
𝒜 ⊂ 𝐻(𝑈) the class of all normalized analytic functions in 𝑈of the form:  

𝑓(𝑧) = 𝑧 + ∑ 𝑎௡𝑧௡ஶ
௡ୀଶ  , (𝑧 ∈ 𝑈).                                   (1.1) 

       Let 𝑓 and 𝑔 be members of the analytic function class 𝐻(𝑈),  𝑓 is said to be subordinate to 𝑔, 
or 𝑔 is superordinate to 𝑓, if there exists a Schwarz function ℎ(𝑧), analytic in 𝑈 with ℎ(0) =

0 𝑎𝑛𝑑 |ℎ(𝑧)| < 1 , (𝑧 ∈ 𝑈),  

such that 𝑓(𝑧) = 𝑔൫ℎ(𝑧)൯, (𝑧 ∈ 𝑈). In such a case, we write 𝑓 ≺ 𝑔 or 𝑓(𝑧) ≺ 𝑔(𝑧), (𝑧 ∈ 𝑈). 

Furthermore, if the function 𝑔 is univalent in 𝑈, then, we have the following equivalence: 
(see[3,17]).  

𝑓(𝑧) ≺ 𝑔(𝑧)  ↔ 𝑓(0) = 𝑔(0) 𝑎𝑛𝑑 𝑓(𝑈) ⊂ 𝑔(𝑈). 
Jung, Kim and Srivastava [18] introduced the following integral operator: 

𝒬ఉ
ఈ𝑓(𝑧) = ቀఈାఉ

ఉ
ቁ

ఈ

௭ഁ ∫ ቀ1 −
௧

௭
ቁ

ఈିଵ

𝑡ఉିଵ௭

଴
𝑓(𝑡)𝑑𝑡 ,                                        (1.2) 

where (𝛼 > 0, 𝛽 > −1 ; 𝑓 ∈ 𝒜).  
They showed that  

𝒬ఉ
ఈ𝑓(𝑧) = 𝑧 + ∑

୻(ఉା௡) ୻(ఈାఉାଵ)

୻(ఈାఉା௡)୻(ఉାଵ)
𝑎௡

ஶ
௡ୀଶ 𝑧௡.                                 (1.3) 
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It is easily verified from definition (1.3) that  

𝑧 ቀ𝒬ఉ
ఈ𝑓(𝑧)ቁ

ᇱ

= (𝛼 + 𝛽)𝒬ఉ
ఈିଵ𝑓(𝑧) − (𝛼 + 𝛽 − 1)𝒬ఉ

ఈ𝑓(𝑧).         (1.4) 

The notion of the third-order differention subordination can be found in the work of Ponnusamy 
and Juneja [19]. The recent work by Tang et al. (see for example, [22] and [23]; see also [13]) The 
second and third-order differential subordination attracted many researchers in this field. For 
example, see ([1,2,4,5,6,7,8,9,10,11,12,13,14,15,16,20,21]). 
Here, we discuss suitable class of admissible function associated with the integral operator and 
derive sufficient conditions on the normalized analytic function the sandwich condition.  
2- Preliminaries  
we need the following definition and lemmas to prove our results. 
Definition (2.1) [3]. Let Φ: ℂସ × 𝑈 → ℂ and the function ℎ(𝑧) be univalent in 𝑈. If 𝑝(𝑧) is analytic 
in 𝑈 and satisfies the following third-order differential subordination: 

Φ(𝑝(𝑧), 𝑧𝑝ᇱ(𝑧), 𝑧ଶ𝑝ᇱᇱ(𝑧), 𝑧ଷ𝑝ᇱᇱᇱ(𝑧); 𝑧) ≺ ℎ(𝑧),                      (2.1) 
then 𝑝(𝑧) is called a solution of the differential subordination (2.1). A univalent function 𝑞(𝑧) is 
called a dominant of the solutions of the differential subordination (2.1), or more simply a 
dominant if 𝑝(𝑧) ≺ 𝑞(𝑧) for all 𝑝(𝑧) satisfying (2.1). A dominant 𝑞෤(𝑧) that satisfies 𝑞෤(𝑧) ≺ 𝑞(𝑧) 
for all dominants 𝑞(𝑧) of (2.1) is said to be the best dominant. 
Definition (2.2) [3]. Let ℚ denote the set of all functions 𝑞 that are analytic and univalent on the 
set 𝑈ഥ\𝐸(𝑞), where  

𝐸(𝑞) = {𝜉: 𝜉 ∈ 𝜕𝑈: lim
௭→క

𝑞(𝑧) = ∞}, 

and  𝑚𝑖𝑛|𝑞ᇱ(𝜉)| = 𝑝 > 0 for 𝜉 ∈ 𝜕𝑈\𝐸(𝑞). Further, let the subclass of ℚ for which 𝑞(0) = 𝑎 be 
denoted by ℚ(𝑎),  with ℚ(0) = ℚ଴ and ℚ(1) = ℚଵ = {𝑞 ∈ ℚ: 𝑞(0) = 1}. 
The subordination methodology is applied to an appropriate classes of admissible functions. 
The following class of admissible functions is given by Antonino and Miller [17]. 
Definition (2.3) [3]. Let Ω be a set in ℂ and 𝑞 ∈ ℚ and  𝑛 ∈ 𝑁|{1}. The class of admissible 
functions Ψ௡[Ω, 𝑞] consists of those functions Φ: ℂସ × 𝑈 → ℂ that satisfy the following 
admissibility condition: 

Φ(𝑟, 𝑠, 𝑡, 𝑢; 𝑧) ∉ Ω, 
whenever 

𝑟 = 𝑞(𝜉) , 𝑠 = 𝑘𝜉𝑞ᇱ(𝜉), 𝑅𝑒(
𝑡

𝑠
+ 1) ≥ 𝑘𝑅𝑒(

𝜉𝑞ᇱᇱ(𝜉)

𝑞ᇱ(𝜉)
+ 1) 

and 

𝑅𝑒 ቀ
𝑢

𝑠
ቁ ≥ 𝑘ଶ𝑅𝑒 ቆ

𝜉ଶ𝑞ᇱᇱᇱ(𝑧)

𝑞ᇱ(𝑧)
ቇ, 

where 𝑧 ∈ 𝑈, 𝜉 ∈ 𝜕𝑈\𝐸(𝑞), and 𝑘 ≥ 𝑛. 
Lemma (2.1) [3]. Let 𝑝 ∈ 𝐻[𝑎, 𝑛] with 𝑛 ≥ 2. Also , let 𝑞 ∈ ℚ(𝑎) and satisfy the following 
conditions: 
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𝑅𝑒(
క௤ᇲᇲ(క)

௤ᇲ(క)
) ≥ 0, and ቚ

௭௣ᇲ(௓)

௤ᇲ(క)
ቚ ≤ 𝑘, 

where 𝑧 ∈ 𝑈, 𝜉 ∈ 𝜕𝑈\𝐸(𝑞), and 𝑘 ≥ 𝑛. If Ω is a set in ℂ, Φ ∈ Ψ௡[Ω, 𝑞] and  
Φ(𝑝(𝑧), 𝑧𝑝ᇱ(𝑧), 𝑧ଶ𝑝ᇱᇱ(𝑧), 𝑧ଷ𝑝ᇱᇱᇱ(𝑧); 𝑧) ∈ 𝛺, 

then 𝑝(𝑧) ≺ 𝑞(𝑧), (𝑧 ∈ 𝑈). 
Definition (2.4) [23]. Let Φ: ℂସ × 𝑈 → ℂ and the function ℎ(𝑧) be analytic in 𝑈. If the function 
𝑝(𝑧) and Φ(𝑝(𝑧), 𝑧𝑝ᇱ(𝑧), 𝑧ଶ𝑝ᇱᇱ(𝑧), 𝑧ଷ𝑝ᇱᇱᇱ(𝑧); 𝑧) are univalent in 𝑈 and satisfy the following Third-
Order differential superordination: 

ℎ(𝑧) ≺ Φ(𝑝(𝑧), 𝑧𝑝ᇱ(𝑧), 𝑧ଶ𝑝ᇱᇱ(𝑧), 𝑧ଷ𝑝ᇱᇱᇱ(𝑧); 𝑧),               (2.2) 
then 𝑝(𝑧) is called a solution of the differential superordination. An analytic function 𝑞(𝑧) is called 
a subordinant of the solutions of the differential superordination, or more simply, a subordinant if 
𝑞(𝑧) ≺ 𝑝(𝑧) for all 𝑝(𝑧) satisfying (2.2). A univalent subordinant 𝑞෤(𝑧) that satisfies the condition 
𝑞(𝑧) ≺  𝑞෤(𝑧) for all subordinants 𝑞(𝑧) of (2.2) is said to be the best subordinant. 
Definition (2.5) [23]. Let Ω be a set in ℂ, 𝑞 ∈ 𝐻[𝑎, 𝑛] and 𝑞ᇱ(𝑧) ≠ 0. The class of admissible 
functions Ψ௡

ᇱ [Ω, 𝑞] consists of those functions Φ: ℂସ × 𝑈ഥ → ℂ that satisfy the following 
admissibility condition:  

Φ(𝑟, 𝑠, 𝑡, 𝑢; 𝜉) ∈ Ω, 
whenever  

𝑟 = 𝑞(𝑧), 𝑠 =
𝑧𝑞ᇱ(𝑧)

𝑚
, 𝑅𝑒 ൬

𝑡

𝑠
+ 1൰ ≤

1

𝑚
𝑅𝑒 ቆ

𝑧𝑞ᇱᇱ(𝑧)

𝑞ᇱ(𝑧)
+ 1ቇ, 

and  

𝑅𝑒 ቀ
𝑢

𝑠
ቁ ≤

1

𝑚ଶ
𝑅𝑒 ቆ

𝑧ଶ𝑞ᇱᇱᇱ(𝑧)

𝑞ᇱ(𝑧)
ቇ, 

where 𝑧 ∈ 𝑈, 𝜉 ∈ 𝜕𝑈 and 𝑚 ≥ 𝑛 ≥ 2. 
Lemma(2.2)[23]. Let 𝑞 ∈ 𝐻[𝑎, 𝑛] and Φ ∈ Ψ௡

ᇱ [Ω, 𝑞]. If Φ(𝑝(𝑧), 𝑧𝑝ᇱ(𝑧), 𝑧ଶ𝑝ᇱᇱ(𝑧), 𝑧ଷ𝑝ᇱᇱᇱ(𝑧); 𝑧) is 
univalent in 𝑈 and 𝑝 ∈ ℚ(𝑎) satisfy  the following conditions: 

𝑅𝑒 ቀ
௭௤ᇲᇲ(௭)

௤ᇲ(௭)
ቁ ≥ 0,       and ቚ

క௣ᇲ(௭)

௤ᇲ(௭)
ቚ ≤ 𝑚, 

where 𝑧 ∈ 𝑈, 𝜉 ∈ 𝜕𝑈 and 𝑚 ≥ 𝑛 ≥ 2,  
then  

Ω ⊂ {Φ(𝑝(𝑧), 𝑧𝑝ᇱ(𝑧), 𝑧ଶ𝑝ᇱᇱ(𝑧), 𝑧ଷ𝑝ᇱᇱᇱ(𝑧); 𝑧): 𝑧 ∈ 𝑈} 
implies that  

𝑞(𝑧) ≺ 𝑝(𝑧), (𝑧 ∈ 𝑈). 
 
3- Third-Order Differential Subordination Results 
Here, we introduce some differential subordination results by using the integral operator. 
Definition (3.1). Let Ω be a set in ℂ and 𝑞 ∈ ℚ଴ ∩ 𝐻଴. The class ℒ௝[Ω, 𝑞] of admissible functions 

consists of those functions Φ: ℂସ × 𝑈 → ℂ that satisfy the following admissibility conditions: 
Φ(𝑎, 𝑏, 𝑐, 𝑑; 𝑧) ∉ Ω, 
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whenever  

𝑎 = 𝑞(𝜉), 𝑏 =
𝜉𝑘𝑞ᇱ(𝜉) + (𝛼 + 𝛽 − 1)𝑞(𝜉)

𝛼 + 𝛽
, 

𝑅𝑒 ቀ
(ఈାఉ)మ௖ି(ఈାఉିଵ)[ଶ(ఈାఉ)(௔ା௕)ି௔]

(ఈାఉ)௕ି(ఈାఉିଵ)௔
ቁ ≥ 𝑘𝑅𝑒 ቀ

క௤ᇲᇲ(క)

௤ᇲ(క)
+ 1ቁ, 

and 

𝑅𝑒 ቀ
(ఈାఉ)య(ௗିଷ௖)ାൣ(ఈାఉ)మ(଻(ఈାఉ)ିସ)ା(ఈାఉ)൧௕ା(ఈାఉ)(ఈାఉିଵ)[ହିଽ(ఈାఉ)]௔

(ఈାఉ)௕ି(ఈାఉିଵ)௔
ቁ ≥ 𝑘ଶ𝑅𝑒 ቀ

కమ௤ᇲᇲᇲ(క)

௤ᇲ(క)
ቁ,  

where  𝑧 ∈ 𝑈, 𝜉 ∈ 𝜕𝑈/𝐸(𝑞) and 𝑘 ≥ 2. 
Theorem (3.1). Let Φ ∈ ℒ௝[Ω, 𝑞]. If the functions 𝑓 ∈ 𝒜 and 𝑞 ∈ ℚ଴ ∩ 𝐻଴ satisfy the following 

conditions: 

𝑅𝑒 ቀ
క௤ᇲᇲ(క)

௤ᇲ(క)
ቁ ≥ 0, ฬ

𝒬ഁ
ഀషభ௙(௭)

𝒬ഁ
ഀ௙(௭)

ฬ ≤ 𝑘                           (3.1) 

and  

{Φ൫𝒬ఉ
ఈ𝑓(𝑧), 𝒬ఉ

ఈିଵ𝑓(𝑧), 𝒬ఉ
ఈିଶ𝑓(𝑧), 𝒬ఉ

ఈିଷ𝑓(𝑧); 𝑧൯: 𝑧 ∈ 𝑈} ⊂ Ω ,            (3.2) 

then 
𝒬ఉ

ఈ𝑓(𝑧) ≺ 𝑞(𝑧), (𝑧 ∈ 𝑈). 

Proof. Define the analytic function 𝑝(𝑧) in 𝑈 by  
𝑝(𝑧) = 𝒬ఉ

ఈ𝑓(𝑧).                                                                         (3.3) 

From equation (1.4) and (3.3), we have  

𝒬ఉ
ఈିଵ𝑓(𝑧) =

𝑧𝑝ᇱ(𝑧) + (𝛼 + 𝛽 − 1)𝑝(𝑧)

𝛼 + 𝛽
.                              (3.4) 

By a similar argument, we get 

𝒬ఉ
ఈିଶ𝑓(𝑧) = 

𝑧ଶ𝑝ᇱᇱ(𝑧) + [2(𝛼 + 𝛽) − 1]𝑧𝑝ᇱ(𝑧) + (𝛼 + 𝛽 − 1)ଶ𝑝(𝑧)

(𝛼 + 𝛽)ଶ
,             (3.5) 

and 

 𝒬ఉ
ఈିଷ𝑓(𝑧) =

௭య௣ᇲᇲᇲ(௭)ାଷ(ఈାఉ)௭మ௣ᇲᇲ(௭)ାൣ(ఈାఉ)൫(ఈାఉ)ାଵ൯൧௭௣ᇲ(௭)ା(ఈାఉିଵ)య௣(௭)

(ఈାఉ)య
 (3.6) 

Define the transformation from ℂସ to ℂ by  

𝑎(𝑟, 𝑠, 𝑡, 𝑢) = 𝑟, 𝑏(𝑟, 𝑠, 𝑡, 𝑢) =
𝑠 + (𝛼 + 𝛽 − 1)𝑟

𝛼 + 𝛽
,                          

𝑐(𝑟, 𝑠, 𝑡, 𝑢) =
𝑡 + [2(𝛼 + 𝛽) − 1]𝑠 + (𝛼 + 𝛽 − 1)ଶ𝑟

(𝛼 + 𝛽)ଶ
                    (3.7) 

and  

𝑑(𝑟, 𝑠, 𝑡, 𝑢) =
௨ାଷ(ఈାఉ)௧ାൣ(ఈାఉ)൫(ఈାఉ)ାଵ൯൧௦ା(ఈାఉିଵ)య௥

(ఈାఉ)య
.                    (3.8)  

Let 𝜑(𝑟, 𝑠, 𝑡, 𝑢) = Φ(𝑎, 𝑏, 𝑐, 𝑑) = 
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Φ

⎝

⎜
⎛

𝑟,
𝑠 + (𝛼 + 𝛽 − 1)𝑟

𝛼 + 𝛽
,
𝑡 + [2(𝛼 + 𝛽) − 1]𝑠 + (𝛼 + 𝛽 − 1)ଶ𝑟

(𝛼 + 𝛽)ଶ
,

𝑢 + 3(𝛼 + 𝛽)𝑡 + ൣ(𝛼 + 𝛽)൫(𝛼 + 𝛽) + 1൯൧𝑠 + (𝛼 + 𝛽 − 1)ଷ𝑟

(𝛼 + 𝛽)ଷ
⎠

⎟
⎞

. 

(3.9) 
The proof will make use of Lemma (2.1). Using equations (3.2) to (3.5), and from (3.8), we have  
𝜑(𝑝(𝑧), 𝑧𝑝ᇱ(𝑧), 𝑧ଶ𝑝ᇱᇱ(𝑧), 𝑧ଷ𝑝ᇱᇱᇱ(𝑧); 𝑧) =  

Φ൫𝒬ఉ
ఈ𝑓(𝑧), 𝒬ఉ

ఈିଵ𝑓(𝑧), 𝒬ఉ
ఈିଶ𝑓(𝑧), 𝒬ఉ

ఈିଷ𝑓(𝑧); 𝑧൯.                 (3.10) 

Hence, clearly, (3.2) leads to  
𝜑(𝑝(𝑧), 𝑧𝑝ᇱ(𝑧), 𝑧ଶ𝑝ᇱᇱ(𝑧), 𝑧ଷ𝑝ᇱᇱᇱ(𝑧); 𝑧) ∈ 𝛺, 

we note that  
𝑡

𝑠
+ 1 =

(𝛼 + 𝛽)ଶ𝑐 − (𝛼 + 𝛽 − 1)[2(𝛼 + 𝛽)(𝑎 + 𝑏) − 𝑎]

(𝛼 + 𝛽)𝑏 − (𝛼 + 𝛽 − 1)𝑎
 

and  
௨

௦
=

(ఈାఉ)య(ௗିଷ௖)ାൣ(ఈାఉ)మ(଻(ఈାఉ)ିସ)ା(ఈାఉ)൧௕ା(ఈାఉ)(ఈାఉିଵ)[ହିଽ(ఈାఉ)]௔

(ఈାఉ)௕ି(ఈାఉିଵ)௔
. 

Thus clearly, the admissibility condition for Φ ∈ ℒ௝[Ω, 𝑞] in Definition (3.1) is equivalent to 

admissibility condition for 𝜑 ∈ Ψଶ[Ω, 𝑞] as given in Definition (2.3) with 𝑛 = 2. Therefore, by 
using (3.1) and Lemma (2.1), we have  

𝒬ఉ
ఈ𝑓(𝑧) ≺ 𝑞(𝑧). 

This completes the proof of theorem (3.1). 
       Our next results is a consequence of Theorem (3.1) for the case when the behavior of 𝑞(𝑧) on 
𝜕𝑈 is not known. 
Corollary (3.1). Let Ω ⊂ ℂ and the function 𝑞 be univalent in 𝑈 𝑤𝑖𝑡ℎ 𝑞(0) = 1. Let Φ ∈ ℒ௝[Ω, 𝑞ఘ] 

for some 𝜌 ∈ (0,1), where 𝑞ఘ(𝑧) = 𝑞(𝜌𝑧). If the function 𝑓 ∈ 𝒜 and 𝑞ఘ satisfies the following 

conditions:  

𝑅𝑒 ൬
క௤ഐ

ᇲᇲ(క)

௤ഐ
ᇲ (క)

൰ ≥ 0 , ฬ
𝒬ഁ

ഀషభ௙(௭)

௤ഐ
ᇲ (క)

ฬ ≤ 𝑘 , (𝑧 ∈ 𝑈, 𝜉 ∈ 𝜕𝑈\𝐸(𝑞ఘ) and 𝑘 ≥ 2. )  

and  

Φ൫𝒬ఉ
ఈ𝑓(𝑧), 𝒬ఉ

ఈିଵ𝑓(𝑧), 𝒬ఉ
ఈିଶ𝑓(𝑧), 𝒬ఉ

ఈିଷ𝑓(𝑧); 𝑧൯ ∈ 𝛺, 

then  
𝒬ఉ

ఈ𝑓(𝑧) ≺ 𝑞ఘ(𝑧), (𝑧 ∈ 𝑈).  

Proof. By applying Theorem (3.1), we get  
𝒬ఉ

ఈ𝑓(𝑧) ≺ 𝑞ఘ(𝑧), (𝑧 ∈ 𝑈). 

The result asserted by Corollary (3.1) is now deduced from following subordination property 𝑞ఘ(𝑧) 

≺ 𝑞(𝑧), (𝑧 ∈ 𝑈). 
This completes the proof of Corollary (3.1). 
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        In particular case when ℎ(𝑧) conformal transformation of 𝑈 onto Ω such that Ω ≠ ℂ is simply 
connected domain, thus Ω = ℎ(𝑧), we denote the class ℒ௝[h(U), q] by ℒ௝[h, q]. 

The following two results are immediate consequence of Theorem (3.1) and corollary (3.1). 
Theorem (3.2). Let Φ ∈ ℒ௝[h, q]. If the following 𝑓 ∈ 𝒜 and 𝑞 ∈ ℚ଴ ∩ 𝐻଴ satisfy the following 

conditions: 

𝑅𝑒 ൬
క௤ഐ

ᇲᇲ(క)

௤ഐ
ᇲ (క)

൰ ≥ 0 , ฬ
𝒬ഁ

ഀషభ௙(௭)

௤ഐ
ᇲ (క)

ฬ ≤ 𝑘                                     (3.11) 

and  

Φ൫𝒬ఉ
ఈ𝑓(𝑧), 𝒬ఉ

ఈିଵ𝑓(𝑧), 𝒬ఉ
ఈିଶ𝑓(𝑧), 𝒬ఉ

ఈିଷ𝑓(𝑧); 𝑧൯ ≺ ℎ(𝑧).          (3.12) 

Then  

𝒬ఉ
ఈିଵ𝑓(𝑧) ≺ 𝑞(𝑧) , (𝑧 ∈ 𝑈). 

The next result is an immediate consequence of corollary (3.1). 
Corollary (3.2). Let Ω ⊂ ℂ and 𝑞 be univalent function in 𝑈 with 𝑞(0) = 1. Also let Φ ∈ ℒ௝[Ω, 𝑞] 

for some 𝜌 ∈ (0,1), where 𝑞ఘ(𝑧) = 𝑞(𝜌𝑧). If the function 𝑓 ∈ 𝒜 and 𝑞ఘ satisfies the following 

conditions:  

𝑅𝑒 ൬
క௤ഐ

ᇲᇲ(క)

௤ഐ
ᇲ (క)

൰ ≥ 0 , ฬ
𝒬ഁ

ഀషభ௙(௭)

௤ഐ
ᇲ (క)

ฬ ≤ 𝑘 , (𝑧 ∈ 𝑈, 𝜉 ∈ 𝜕𝑈/𝐸(𝑞ఘ) and 𝑘 ≥ 2)  

and  

Φ൫𝒬ఉ
ఈ𝑓(𝑧), 𝒬ఉ

ఈିଵ𝑓(𝑧), 𝒬ఉ
ఈିଶ𝑓(𝑧), 𝒬ఉ

ఈିଷ𝑓(𝑧); 𝑧൯ ≺ ℎ(𝑧), 

then  

𝒬ఉ
ఈିଵ𝑓(𝑧) ≺ 𝑓(𝑧), (𝑧 ∈ 𝑈). 

The following result yield the best dominant of differential subordination (3.12). 
Theorem (3.3). Let ℎ be univalent function in 𝑈. Also let Φ: ℂସ × 𝑈 → ℂ and 𝜑 be given by (3.10). 
Suppose that following differential equation: 

𝜑(𝑞(𝑧), 𝑧𝑞ᇱ(𝑧), 𝑧ଶ𝑞ᇱᇱ(𝑧), 𝑧ଷ𝑞ᇱᇱᇱ(𝑧); 𝑧) = ℎ(𝑧)                (3.13) 
has a solution 𝑞(𝑧) with 𝑞(0) = 1, which satisfies the condition (3.1). If 𝑓 ∈ 𝒜 satisfies the 
condition (3.12) and if  

Φ൫𝒬ఉ
ఈ𝑓(𝑧), 𝒬ఉ

ఈିଵ𝑓(𝑧), 𝒬ఉ
ఈିଶ𝑓(𝑧), 𝒬ఉ

ఈିଷ𝑓(𝑧); 𝑧൯, 

is analytic in 𝑈, then  
𝒬ఉ

ఈ𝑓(𝑧) ≺ 𝑞(𝑧), (𝑧 ∈ 𝑈) 

and 𝑞(𝑧) is the best dominant. 
Proof. From Theorem (3.1), we see that 𝑞 is a dominant of (3.12). Since 𝑞 satisfies (3.13), it is 
also a solution of (3.12). Therefore, 𝑞 will be dominated by all dominants. Hence 𝑞 is the best 
dominant. This completes the proof of Theorem (3.3). 
      In view of Definition (3.1), and in special case when 𝑞(𝑧) = 𝑀𝑧 (𝑀 > 0) ,the class ℒ௝[Ω, 𝑞] of 

admissible functions, denoted by ℒ௝[Ω, 𝑀] is expressed as follows. 
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Definition (3.2). Let Ω be set in ℂ and M > 0. The class ℒ௝[Ω, 𝑀] of admissible functions consists 

of those functions Φ: ℂସ × 𝑈 → ℂ such that  

Φ ൮
𝑀𝑒௜ఏ ,

൫௞ା(ఈାఉିଵ)൯ெ௘೔ഇ

ఈାఉ
,

௅ା[[ଶ(ఈାఉ)ିଵ]௞ା(ఈାఉିଵ)మ]ெ௘೔ഇ

(ఈାఉ)మ
,

ேାଷ(ఈାఉ)௅ା[ቀ(ఈାఉ)൫(ఈାఉ)ାଵ൯ቁ௞ା(ఈାఉିଵ)య]ெ௘೔ഇ

(ఈାఉ)య
; 𝑧

൲ ∉ Ω,     (3.14) 

whenever 𝑧 ∈ 𝑈,  

𝑅𝑒൫𝐿𝑒ି௜ఏ൯ ≥ (𝑘 − 1)𝑘𝑀 

and  

𝑅𝑒൫𝑁𝑒ି௜ఏ൯ ≥ 0, ∀𝜃 ∈ ℝ, 𝑘 ≥ 2. 

Corollary (3.3). Let Φ ∈ ℒ௝[Ω, 𝑀]. If the function 𝑓 ∈ 𝒜 satisfies the following conditions: 

ห𝒬ఉ
ఈିଵ𝑓(𝑧)ห ≤ 𝑘𝑀, (𝑧 ∈ U, 𝑘 ≥ 2; 𝑀 > 0) 

and  

Φ൫𝒬ఉ
ఈ𝑓(𝑧), 𝒬ఉ

ఈିଵ𝑓(𝑧), 𝒬ఉ
ఈିଶ𝑓(𝑧), 𝒬ఉ

ఈିଷ𝑓(𝑧); 𝑧൯ ∈ 𝛺, 

then  

ห𝒬ఉ
ఈ𝑓(𝑧)ห < 𝑀. 

         In the special case, when Ω = 𝑞(𝑈) = {𝑤: |𝑤| < 𝑀}, the class ℒ௝[Ω, 𝑞] is simply denoted by 

ℒ௝[𝑀]. Corollary (3.3) can now be rewritten in the following form, 

Corollary (3.4). Let Φ ∈ ℒ௝[𝑀]. If the function 𝑓 ∈ 𝒜 satisfies the following conditions: 

ห𝒬ఉ
ఈିଵ𝑓(𝑧)ห ≤ 𝑘𝑀, (𝑧 ∈ U, 𝑘 ≥ 2; 𝑀 > 0) 

and 

ห൫𝒬ఉ
ఈ𝑓(𝑧), 𝒬ఉ

ఈିଵ𝑓(𝑧), 𝒬ఉ
ఈିଶ𝑓(𝑧), 𝒬ఉ

ఈିଷ𝑓(𝑧); 𝑧൯ห < 𝑀, 

then  

ห𝒬ఉ
ఈ𝑓(𝑧)ห < 𝑀. 

Corollary (3.5). Let 𝑘 ≥ 2, 𝑎𝑛𝑑 𝑀 > 0. If the function 𝑓 ∈ 𝒜  satisfies the following conditions: 

ห𝒬ఉ
ఈିଵ𝑓(𝑧)ห ≤ 𝑘𝑀 

and 

ห𝒬ఉ
ఈିଵ𝑓(𝑧) − 𝒬ఉ

ఈ𝑓(𝑧)ห ≤
𝑀

𝛼 + 𝛽
, 

then 

ห𝒬ఉ
ఈ𝑓(𝑧)ห ≤ 𝑀. 

Proof. Let Φ(𝑎, 𝑏, 𝑐, 𝑑; 𝑧) = 𝑏 − 𝑎, Ω = ℎ(𝑈), where ℎ(𝑧) =
(௞ିଵ)ெ௭

ఈାఉ
 ,𝑧 ∈ 𝑈, 𝑀 > 0. 

By using Corollary (3.3), we need to show that Φ ∈ ℒ௝[Ω, 𝑀], That is the admissibility condition 

(3.14) is satisfied. This follows readily, since it is seen that 

|Φ(𝑎, 𝑏, 𝑐, 𝑑; 𝑧)| = ฬ
(𝑘 − 1)

𝛼 + 𝛽
𝑀𝑒௜ఏฬ =

𝑘 − 1

𝛼 + 𝛽
𝑀 ≥

𝑀

𝛼 + 𝛽
, 
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whenever 𝑧 ∈ 𝑈, 𝜃 ∈ ℝ and 𝑘 ≥ 2. 
Definition (3.3). Let Ω be a set in ℂ and 𝑞 ∈ ℚଵ ∩ 𝐻ଵ. The class ℒ௝,ଵ[Ω, 𝑞] of admissible functions 

consists of those functions Φ: ℂସ × 𝑈 → ℂ , which satisfy the following admissibility conditions: 
Φ(𝑎, 𝑏, 𝑐, 𝑑; 𝑧) ∉ Ω, 

whenever 

𝑎 = 𝑞(𝜉), 𝑏 =
𝑘𝜉𝑞ᇱ(𝜉) + (𝛼 + 𝛽)𝑞(𝜉)

𝛼 + 𝛽
, 

𝑅𝑒 ቆ
(𝛼 + 𝛽)[𝑐 + 𝑎 − 2𝑏]

𝑏 − 𝑎
ቇ ≥ 𝑘𝑅𝑒 ቆ

𝜉𝑞ᇱᇱ(𝜉)

𝑞ᇱ(𝜉)
+ 1ቇ 

and 

𝑅𝑒 ቀ
(ఈାఉ)మ[ௗିଷ௖ାଷ௕ି௔]ି(ఈାఉ)[ହ௔ାଷ(௖ିଶ௕)]

௕ି௔
+ 2ቁ ≥ 𝑘ଶ𝑅𝑒 ቀ

కమ௤ᇲᇲᇲ(క)

௤ᇲ(క)
ቁ, 

where 𝑧 ∈ 𝑈, 𝜉 ∈ 𝜕𝑈\𝐸(𝑞) and 𝑘 ≥ 2. 
Theorem (3.4). Let Φ ∈ ℒ௝,ଵ[Ω, 𝑞]. If the functions 𝑓 ∈ 𝒜 and 𝑞 ∈ ℚଵ ∩ 𝐻ଵ satisfy the following 

conditions: 

𝑅𝑒 ቆ
𝜉𝑞ᇱᇱ(𝜉)

𝑞ᇱ(𝜉)
ቇ ≥ 0, ቤ

𝒬ఉ
ఈିଵ𝑓(𝑧)

𝑧𝑞ᇱ(𝑧)
ቤ ≤ 𝑘                         (3.15) 

and 

൜Φ ൬
𝒬ഁ

ഀ௙(௭)

௭
,

𝒬ഁ
ഀషభ௙(௭)

௭
,

𝒬ഁ
ഀషమ௙(௭)

௭
,

𝒬ഁ
ഀషయ௙(௭)

௭
; 𝑧൰ : 𝑧 ∈ 𝑈ൠ ⊂ Ω,         (3.16) 

then 
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
≺ 𝑞(𝑧), (𝑧 ∈ 𝑈). 

Proof. Define the analytic function 𝑝(𝑧) in 𝑈 by  

𝑝(𝑧) =
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
.                                                                 (3.17) 

From equation (1.4) and (3.17), we have  

𝒬ఉ
ఈିଵ𝑓(𝑧)

𝑧
=

𝑧𝑝ᇱ(𝑧) + (𝛼 + 𝛽)𝑝(𝑧)

𝛼 + 𝛽
.                                  (3.18) 

By a similar argument, we get  

𝒬ఉ
ఈିଶ𝑓(𝑧)

𝑧
=

𝑧ଶ𝑝ᇱᇱ(𝑧) + [2(𝛼 + 𝛽) + 1]𝑧𝑝ᇱ(𝑧) + (𝛼 + 𝛽)ଶ𝑝(𝑧)

(𝛼 + 𝛽)ଶ
    (3.19) 

and  

𝒬ఉ
ఈିଷ𝑓(𝑧)

𝑧
= 

௭య௣ᇲᇲᇲ(௭)ାଷ(ఈାఉାଵ)௭మ௣ᇲᇲ(௭)ା[ଷ(ఈାఉ)(ఈାఉାଵ)]௭௣ᇲ(௭)ା(ఈାఉ)య௣(௭)

(ఈାఉ)య
.   (3.20) 

Define the transformation from ℂସ to ℂ by  
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𝑎(𝑟, 𝑠, 𝑡, 𝑢) = 𝑟 , 𝑏(𝑟, 𝑠, 𝑡, 𝑢) =
𝑠 + (𝛼 + 𝛽)𝑟

𝛼 + 𝛽
,                                  

𝑐(𝑟, 𝑠, 𝑡, 𝑢) =
𝑡 + [2(𝛼 + 𝛽) + 1] + (𝛼 + 𝛽)ଶ𝑟

(𝛼 + 𝛽)ଶ
                           (3.21) 

and  

𝑑(𝑟, 𝑠, 𝑡, 𝑢) =
௨ାଷ(ఈାఉାଵ)௧ା[ଷ(ఈାఉ)(ఈାఉାଵ)ାଵ]௦ା(ఈାఉ)య௥

(ఈାఉ)య
.              (3.22) 

Let  
𝜑(𝑟, 𝑠, 𝑡, 𝑢) = Φ(𝑎, 𝑏, 𝑐, 𝑑; 𝑧) = 

Φ ቌ
𝑟,

௦ା(ఈାఉ)௥

ఈାఉ
,

௧ା[ଶ(ఈାఉ)ାଵ]ା(ఈାఉ)మ௥

(ఈାఉ)మ
,

௨ାଷ(ఈାఉାଵ)௧ା[ଷ(ఈାఉ)(ఈାఉାଵ)ାଵ]௦ା(ఈାఉ)య௥

(ఈାఉ)య

  ; 𝑧ቍ.                       (3.23) 

The proof will make use of Lemma (2.1). Using the equations (3.17) to (3.20), and from (3.23), 
we have  
𝜑(𝑝(𝑧), 𝑧𝑝ᇱ(𝑧), 𝑧ଶ𝑝ᇱᇱ(𝑧), 𝑧ଷ𝑝ᇱᇱᇱ(𝑧); 𝑧) = 

Φ ቆ
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଶ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଷ𝑓(𝑧)

𝑧
; 𝑧ቇ.                   (3.24) 

Hence, clearly, (3.16) becomes  
𝜑(𝑝(𝑧), 𝑧𝑝ᇱ(𝑧), 𝑧ଶ𝑝ᇱᇱ(𝑧), 𝑧ଷ𝑝ᇱᇱᇱ(𝑧); 𝑧) ∈ 𝛺, 

we note that  
𝑡

𝑠
+ 1 =

(𝛼 + 𝛽)[𝑐 + 𝑎 − 2𝑏]

𝑏 − 𝑎
 

and  
𝑢

𝑠
=

(𝛼 + 𝛽)ଶ[𝑑 − 3𝑐 + 3𝑏 − 𝑎] − (𝛼 + 𝛽)[5𝑎 + 3(𝑐 − 2𝑏)]

𝑏 − 𝑎
+ 2. 

Thus clearly, the admissibility condition for Φ ∈ ℒ௝,ଵ[Ω, 𝑞] in Definition (3.3) is equivalent to 

admissibility condition for 𝜑 ∈ Ψଶ[Ω, 𝑞] as given in Definition (2.3) with  𝑛 = 2. Therefore, by 
using (3.13) and Lemma (2.1), we have  

𝒬ఉ
ఈ𝑓(𝑧)

𝑧
≺ 𝑞(𝑧). 

This completes the proof of theorem (3.4). 
       If Ω ≠ ℂ is a simply connected domain, then Ω = ℎ(𝑈) for some conformal mapping ℎ(𝑧) of 
𝑈 onto Ω. In this case, the class ℒ௝,ଵ[h(U), 𝑞] is written as ℒ௝,ଵ[Ω, 𝑞]. This leads to the following 

immediate consequence of Theorem (3.4) is sated below. 
Theorem (3.5). Let Φ ∈ ℒ௝,ଵ[Ω, 𝑞]. If the functions 𝑓 ∈ 𝒜 and 𝑞 ∈ ℚଵ satisfy the following 

conditions: 

𝑅𝑒 ቆ
𝜉𝑞ఘ

ᇱᇱ(𝜉)

𝑞ఘ
ᇱ (𝜉)

ቇ ≥ 0, ቤ
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝑧𝑞ఘ
ᇱ (𝜉)

ቤ ≤ 𝑘,                            (3.25) 
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and  

Φ ቆ
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଶ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଷ𝑓(𝑧)

𝑧
; 𝑧ቇ ≺ ℎ(𝑧)          (3.26) 

then 
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
≺ 𝑞(𝑧), (𝑧 ∈ 𝑈). 

In view of Definition (3.3) and in the special case 𝑞(𝑧) = 𝑀𝑧, 𝑀 > 0, the class of admissible 
functions ℒ௝,ଵ[Ω, 𝑞], denoted by ℒ௝,ଵ[Ω, 𝑀] is expressed as follows. 

Definition (3.4). Let Ω be a set in ℂ and 𝑀 > 0. The class ℒ௝,ଵ[Ω, 𝑞] of admissible functions 

consists of those functions Φ: ℂସ × 𝑈 → ℂ such that: 

Φ ൮
𝑀𝑒௜ఏ ,

௞ା(ఈାఉ)

ఈାఉ
𝑀𝑒௜ఏ ,

௅ା([ଶ(ఈାఉ)ାଵ]௞ା(ఈାఉ)మ)ெ௘೔ഇ

(ఈାఉ)మ
,

ேାଷ(ఈାఉାଵ)௅ା([ଷ(ఈାఉ)(ఈାఉାଵ)ାଵ]௞ା(ఈାఉ)య)ெ௘೔ഇ

(ఈାఉ)య

; 𝑧൲ ∉ Ω        (3.27) 

whenever 

𝑧 ∈ 𝑈, 𝑅𝑒(𝐿𝑒ି௜ ) ≥ (𝑘 − 1)𝑘𝑀 
and  

𝑅𝑒൫𝑁𝑒ି௜ ൯ ≥ 0, ∀𝜃 ∈ ℝ; 𝑘 ≥ 2. 

Corollary (3.6). Let Φ ∈ ℒ௝,ଵ[Ω, 𝑞]. If the function 𝑓 ∈ 𝒜 satisfy the following conditions: 

ቤ
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝑧
ቤ ≤ 𝑘𝑀, (𝑧 ∈ 𝑈, 𝑘 ≥ 2; 𝑀 > 0), 

and 

Φ ቆ
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଶ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଷ𝑓(𝑧)

𝑧
; 𝑧ቇ ∈ 𝛺, 

then 

ቤ
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝑧
ቤ < 𝑀. 

         In the special case, when Ω = 𝑞(𝑈) = {𝑤: |𝑤| < 𝑀}, the class ℒ௝,ଵ[Ω, 𝑞] is simply denoted 

by ℒ௝,ଵ[𝑀].Corollary (3.6) can now be rewritten in the following form. 

Corollary (3.7). Let Φ ∈ ℒ௝,ଵ[Ω, 𝑞]. If the function 𝑓 ∈ 𝒜 satisfy the following conditions: 

ቤ
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝑧
ቤ ≤ 𝑘𝑀, (𝑧 ∈ 𝑈, 𝑘 ≥ 2; 𝑀 > 0), 

and 

ቤΦ ቆ
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଶ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଷ𝑓(𝑧)

𝑧
; 𝑧ቇቤ < 𝑀, 

then 
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ቤ
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
ቤ < 𝑀. 

Definition (3.5). Let Ω be a set in ℂ and 𝑞 ∈ ℚଵ ∩ 𝐻ଵ. The class ℒ௝,ଶ[Ω, 𝑞] of admissible functions 

consists of those functions Φ: ℂସ × 𝑈 → ℂ , which satisfy the following admissibility conditions: 
Φ(𝑎, 𝑏, 𝑐, 𝑑; 𝑧) ∉ Ω, 

whenever 

𝑎 = 𝑞(𝜉), 𝑏 =
1

𝛼 + 𝛽
൥
𝑘𝜉𝑞ᇱ(𝜉) + (𝛼 + 𝛽)൫𝑞(𝜉)൯

ଶ

𝑞(𝜉)
൩, 

𝑅𝑒 ቆ
(𝛼 + 𝛽)[𝑐𝑏 + 2𝑎ଶ − 3𝑎𝑏]

𝑏 − 𝑎
ቇ ≥ 𝑘 𝑅𝑒 ቆ

𝜉𝑞ᇱᇱ(𝜉)

𝑞ᇱ(𝜉)
+ 1ቇ, 

and 

𝑅𝑒൫ൣ𝑏𝑐(𝑑 − 𝑐)(𝛼 + 𝛽)ଶ − 𝑏(𝛼 + 𝛽)(𝑐 − 𝑏)[(𝛼 + 𝛽)(3𝑎 − 𝑏 + 1) + 3]൧(𝑎 − 𝑏)ିଵ −

2𝑎(𝛼 + 𝛽) + (𝛼 + 𝛽)(𝑏 − 𝑎)[(𝛼 + 𝛽)(𝑏 − 5𝑎) − 3] + 2൯ ≥ 𝑘ଶ𝑅𝑒 ቀ
కమ௤ᇲᇲᇲ(క)

௤ᇲ(క)
ቁ,  

where 𝑧 ∈ 𝑈, 𝜉 ∈ 𝜕𝑈\𝐸(𝑞) and 𝑘 ≥ 2. 
Theorem (3.6). Let Φ ∈ ℒ௝,ଶ[Ω, 𝑞]. If the functions 𝑓 ∈ 𝒜 and 𝑞 ∈ ℚଵ ∩ 𝐻ଵ satisfy the following 

conditions: 

𝑅𝑒 ቆ
𝜉𝑞ᇱᇱ(𝜉)

𝑞ᇱ(𝜉)
ቇ ≥ 0, ቤ

𝒬ఉ
ఈିଶ𝑓(𝑧)

𝒬ఉ
ఈିଵ𝑓(𝑧)

ቤ ≤ 𝑘,                       (3.28) 

and 

൜Φ ൬
𝒬ഁ

ഀషభ௙(௭)

𝒬ഁ
ഀ௙(௭)

,
𝒬ഁ

ഀషమ௙(௭)

𝒬ഁ
ഀషభ௙(௭)

,
𝒬ഁ

ഀషయ௙(௭)

𝒬ഁ
ഀషమ௙(௭)

,
𝒬ഁ

ഀషర௙(௭)

𝒬ഁ
ഀషయ௙(௭)

; 𝑧൰ : 𝑧 ∈ 𝑈ൠ ⊂ Ω,          (3.29) 

then 
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝒬ఉ
ఈ𝑓(𝑧)

≺ 𝑞(𝑧), (𝑧 ∈ 𝑈). 

Proof. Define the analytic function 𝑝(𝑧) in 𝑈 by  

𝑝(𝑧) =
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝒬ఉ
ఈ𝑓(𝑧)

.                                                    (3.30) 

From equation (1.4) and (3.30), we have  

𝒬ఉ
ఈିଶ𝑓(𝑧)

𝒬ఉ
ఈିଵ𝑓(𝑧)

=
1

𝛼 + 𝛽
ቈ
𝑧𝑝ᇱ(𝑧) + (𝛼 + 𝛽)𝑝ଶ(𝑧)

𝑝(𝑧)
቉ =

𝐴

𝛼 + 𝛽
.                    (3.31) 

By a similar argument, we get 

𝒬ఉ
ఈିଷ𝑓(𝑧)

𝒬ఉ
ఈିଶ𝑓(𝑧)

=
𝐵

𝛼 + 𝛽
                                                 (3.32) 

and 
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𝒬ఉ
ఈିସ𝑓(𝑧)

𝒬ఉ
ఈିଷ𝑓(𝑧)

=
1

𝛼 + 𝛽
[𝐵 + 𝐵ିଵ(𝐶 + 𝐴ିଵ𝐷 − 𝐴ିଶ𝐶ଶ)],                         (3.33) 

where 

𝐵 =
௭௣ᇲ(௭)

௣(௭)
+ (𝛼 + 𝛽)𝑝(𝑧) +

೥మ೛ᇲᇲ(೥)శ೥೛ᇲ(೥)

೛(೥)
ି൬

೥೛ᇲ(೥)

೛(೥)
൰

మ

ା(ఈାఉ)௭௣ᇲ(௭)

೥೛ᇲ(೥)

೛(೥)
ା(ఈାఉ)௣(௭)

, 

𝐶 =
𝑧ଶ𝑝ᇱᇱ(𝑧) + 𝑧𝑝ᇱ(𝑧)

𝑝(𝑧)
− ቆ

𝑧𝑝ᇱ(𝑧)

𝑝(𝑧)
ቇ

ଶ

+ (𝛼 + 𝛽)𝑧𝑝ᇱ(𝑧)                                  

and  

𝐷 =
𝑧ଷ𝑝ᇱᇱᇱ(𝑧) + 3𝑧ଶ𝑝ᇱᇱ(𝑧) + 𝑧𝑝ᇱ(𝑧)

𝑝(𝑧)
−

3𝑧ଶ൫𝑝ᇱ(𝑧)൯
ଶ

+ 3𝑧ଷ𝑝ᇱᇱ(𝑧)𝑝ᇱ(𝑧)

൫𝑝(𝑧)൯
ଶ + 2 ቆ

𝑧𝑝ᇱ(𝑧)

𝑝(𝑧)
ቇ

ଷ

+ (𝛼 + 𝛽)𝑧ଶ𝑝ᇱᇱ(𝑧) + (𝛼 + 𝛽)𝑧𝑝ᇱ(𝑧). 
We now define the transformation from ℂସ to ℂ by  

𝑎(𝑟, 𝑠, 𝑡, 𝑢) = 𝑟, 𝑏(𝑟, 𝑠, 𝑡, 𝑢) =
1

𝛼 + 𝛽
ቈ
𝑠 + (𝛼 + 𝛽)𝑟ଶ

𝑟
቉ =

𝐸

𝛼 + 𝛽
, 

𝑐(𝑟, 𝑠, 𝑡, 𝑢) = 

1

𝛼 + 𝛽
቎
𝑠 + (𝛼 + 𝛽)𝑟ଶ

𝑟
+

𝑡 + 𝑠
𝑟

− ቀ
𝑠
𝑟

ቁ
ଶ

+ (𝛼 + 𝛽)𝑠

𝑠
𝑟

+ (𝛼 + 𝛽)𝑟
቏ =

𝐹

𝛼 + 𝛽
          (3.34) 

and 

𝑑(𝑟, 𝑠, 𝑡, 𝑢) =
1

𝛼 + 𝛽
[𝐹 + 𝐹ିଵ(𝐿 + 𝐻𝐸ିଵ − 𝐸ିଶ𝐿ଶ)],                (3.35) 

where 

𝐿 =
𝑡 + 𝑠

𝑟
− ቀ

𝑠

𝑟
ቁ

ଶ

+ (𝛼 + 𝛽)𝑠 

and 

𝐻 =
𝑢 + 3𝑡 + 𝑠

𝑟
− 3 ቀ

𝑠

𝑟
ቁ

ଶ

− 3
𝑠𝑡

𝑟ଶ
+ 2 ቀ

𝑠

𝑟
ቁ

ଷ

+ (𝛼 + 𝛽)(𝑠 + 𝑡). 

Let  
𝜑(𝑟, 𝑠, 𝑡, 𝑢) = Φ(𝑎, 𝑏, 𝑐, 𝑑) = 

Φ ൬𝑟,
𝐸

𝛼 + 𝛽
,

𝐹

𝛼 + 𝛽
,

1

𝛼 + 𝛽
[𝐹 + 𝐹ିଵ(𝐿 + 𝐻𝐸ିଵ − 𝐸ିଶ𝐿ଶ)] ൰.   (3.36) 

The proof will make use of Lemma (2.1). Using the equations (3.30) to (3.33), and from (3.36), 
we have  
𝜑(𝑝(𝑧), 𝑧𝑝ᇱ(𝑧), 𝑧ଶ𝑝ᇱᇱ(𝑧), 𝑧ଷ𝑝ᇱᇱᇱ(𝑧); 𝑧) = 

Φ ቆ
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝒬ఉ
ఈ𝑓(𝑧)

,
𝒬ఉ

ఈିଶ𝑓(𝑧)

𝒬ఉ
ఈିଵ𝑓(𝑧)

,
𝒬ఉ

ఈିଷ𝑓(𝑧)

𝒬ఉ
ఈିଶ𝑓(𝑧)

,
𝒬ఉ

ఈିସ𝑓(𝑧)

𝒬ఉ
ఈିଷ𝑓(𝑧)

; 𝑧ቇ.                   (3.37) 
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Hence, clearly (3.29) leads to 
𝜑(𝑝(𝑧), 𝑧𝑝ᇱ(𝑧), 𝑧ଶ𝑝ᇱᇱ(𝑧), 𝑧ଷ𝑝ᇱᇱᇱ(𝑧); 𝑧) ∈ 𝛺. 

We note that  
𝑡

𝑠
+ 1 =

(𝛼 + 𝛽)[𝑐𝑏 + 2𝑎ଶ − 3𝑎𝑏]

𝑏 − 𝑎
 

and 
𝑢

𝑠
= 

ൣ𝑏𝑐(𝑑 − 𝑐)(𝛼 + 𝛽)ଶ − 𝑏(𝛼 + 𝛽)(𝑐 − 𝑏)[(𝛼 + 𝛽)(3𝑎 − 𝑏 + 1) + 3]൧(𝑎 − 𝑏)ିଵ − 2𝑎(𝛼 + 𝛽) +

(𝛼 + 𝛽)(𝑏 − 𝑎)[(𝛼 + 𝛽)(𝑏 − 5𝑎) − 3] + 2.  
Thus clearly, the admissibility condition for Φ ∈ ℒ௝,ଶ[Ω, 𝑞] in Definition (3.5) is equivalent to 

admissibility condition for 𝜑 ∈ Ψଶ[Ω, 𝑞] as given in Definition (2.3) with  𝑛 = 2. Therefore, by 
using (3.30) and Lemma (2.1), we have  

𝒬ఉ
ఈିଵ𝑓(𝑧)

𝒬ఉ
ఈ𝑓(𝑧)

≺ 𝑞(𝑧). 

This completes the proof of theorem (3.6). 
       If 𝛺 ≠ ℂ is a simply connected domain, then 𝛺 = ℎ(𝑈) for some conformal mapping ℎ(𝑧) of 𝑈 
onto 𝛺. In this case, the class ℒ௝,ଶ[h(U), 𝑞] is written as ℒ௝,ଶ[Ω, 𝑞]. This leads to the following 

immediate consequence of Theorem (3.6) is sated below without proof. 
Theorem (3.7). Let Φ ∈ ℒ௝,ଶ[Ω, 𝑞]. If the functions 𝑓 ∈ 𝒜 and 𝑞 ∈ ℚଵ satisfy the following 

conditions (3.29) and  

Φ ቆ
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝒬ఉ
ఈ𝑓(𝑧)

,
𝒬ఉ

ఈିଶ𝑓(𝑧)

𝒬ఉ
ఈିଵ𝑓(𝑧)

,
𝒬ఉ

ఈିଷ𝑓(𝑧)

𝒬ఉ
ఈିଶ𝑓(𝑧)

,
𝒬ఉ

ఈିସ𝑓(𝑧)

𝒬ఉ
ఈିଷ𝑓(𝑧)

; 𝑧ቇ ≺ ℎ(𝑧), 

then  

𝒬ఉ
ఈିଵ𝑓(𝑧)

𝒬ఉ
ఈ𝑓(𝑧)

≺ 𝑞(𝑧), (𝑧 ∈ 𝑈). 

 
4- Third-Order Differential Superordination Results 
Definition (4.1). Let 𝛺 be a set in ℂ and 𝑞 ∈ 𝑄଴ ∩ 𝐻଴ with 𝑞ᇱ(𝑧) ≠ 0 . The class of admissible 
functions ℒ௝

ᇱ[Ω, 𝑞] consists of those functions Φ: ℂସ × 𝑈 → ℂ ,that satisfy the following 

admissibility conditions: 
Φ(𝑎, 𝑏, 𝑐, 𝑑; 𝜉) ∈ Ω, 

whenever 

𝑎 = 𝑞(𝑧), 𝑏 =
𝑧𝑞ᇱ(𝑧) + 𝑚(𝛼 + 𝛽 − 1)𝑞(𝑧)

𝑚(𝛼 + 𝛽)
, 

𝑅𝑒 ቀ
(ఈାఉ)మ௖ି(ఈାఉିଵ)[ଶ(ఈାఉ)(௔ା௕)ି௔]

(ఈାఉ)௕ି(ఈାఉିଵ)௔
ቁ ≤

ଵ

௠
𝑅𝑒 ቀ

௭௤ᇲᇲ(௭)

௤ᇲ(௭)
+ 1ቁ  

and 
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𝑅𝑒 ቀ
(ఈାఉ)య(ௗିଷ௖)ାൣ(ఈାఉ)మ(଻(ఈାఉ)ିସ)ା(ఈାఉ)൧௕ା(ఈାఉ)(ఈାఉିଵ)[ହିଽ(ఈାఉ)]௔

(ఈାఉ)௕ି(ఈାఉିଵ)௔
ቁ ≤

ଵ

௠మ
𝑅𝑒 ቀ

௭మ௤ᇲᇲᇲ(௭)

௤ᇲ(௭)
ቁ,  

where 𝑧 ∈ 𝑈, 𝜉 ∈ 𝜕𝑈 and 𝑚 ≥ 2. 
Theorem (4.1). Let Φ ∈ ℒ௝

ᇱ[Ω, 𝑞]. If the functions 𝑓 ∈ 𝒜, with 𝒬ఉ
ఈ𝑓(𝑧) ∈ ℚ଴ and if 𝑞 ∈ 𝐻଴ with 

𝑞ᇱ(𝑧) ≠ 0, satisfying the following conditions: 

𝑅𝑒 ቆ
𝜉𝑞ᇱᇱ(𝑧)

𝑞ᇱ(𝑧)
ቇ ≥ 0, ቤ

𝒬ఉ
ఈ𝑓(𝑧)

𝑞ᇱ(𝑧)
ቤ ≤ 𝑚                                     (4.1) 

and the function  

Φ൫𝒬ఉ
ఈ𝑓(𝑧), 𝒬ఉ

ఈିଵ𝑓(𝑧), 𝒬ఉ
ఈିଶ𝑓(𝑧), 𝒬ఉ

ఈିଷ𝑓(𝑧); 𝑧൯ 

is univalent in U, then  

Ω ⊂ ൛Φ൫𝒬ఉ
ఈ𝑓(𝑧), 𝒬ఉ

ఈିଵ𝑓(𝑧), 𝒬ఉ
ఈିଶ𝑓(𝑧), 𝒬ఉ

ఈିଷ𝑓(𝑧); 𝑧൯: 𝑧 ∈ 𝑈ൟ,   (4.2) 

implies that 
𝑞(𝑧) ≺ 𝒬ఉ

ఈ𝑓(𝑧), (𝑧 ∈ 𝑈). 

Proof. Let the function 𝑝(𝑧) be defined by (3.2) and 𝜑 by (3.8). Since Φ ∈ ℒ௝
ᇱ[Ω, 𝑞]. From (3.10) 

and (4.2), we have  
Ω ⊂ {Φ(𝑝(𝑧), 𝑧𝑝ᇱ(𝑧), 𝑧ଶ𝑝ᇱᇱ(𝑧), 𝑧ଷ𝑝ᇱᇱᇱ(𝑧); 𝑧): 𝑧 ∈ 𝑈}. 

From (3.7) and (3.8), we see that the admissibility condition for Φ ∈ ℒ௝
ᇱ[Ω, 𝑞] in Definition (4.1) 

is equivalent to the admissibility for 𝜑 ∈ Ψ௡
ᇱ [Ω, 𝑞] as given in Definition (2.5) with 𝑛 = 2. Hence 

𝜑 ∈ Ψଶ
ᇱ[Ω, 𝑞] and by using (4.2) and Lemma (2.2), we find that 

𝑞(𝑧) ≺ 𝒬ఉ
ఈ𝑓(𝑧), (𝑧 ∈ 𝑈). 

This completes the proof of Theorem (4.1). 
       If 𝛺 ≠ ℂ is a simply connected domain, then 𝛺 = ℎ(𝑈) for some conformal mapping ℎ(𝑧) of 𝑈 
onto 𝛺. In this case, the class ℒ௝

ᇱ[h(U), 𝑞] is written as ℒ௝
ᇱ[h, 𝑞]. This leads to the following 

immediate consequence of Theorem (4.1) is sated below. 
Theorem (4.2). Let Φ ∈ ℒ௝

ᇱ[h, 𝑞] and let ℎ be analytic in 𝑈. If the function 𝑓 ∈ 𝒜, and 𝒬ఉ
ఈ𝑓(𝑧) ∈

ℚ଴, and if 𝑞 ∈ 𝐻଴ with 𝑞ᇱ(𝑧) ≠ 0, satisfying the following conditions (4.1) and the function  

Φ൫𝒬ఉ
ఈ𝑓(𝑧), 𝒬ఉ

ఈିଵ𝑓(𝑧), 𝒬ఉ
ఈିଶ𝑓(𝑧), 𝒬ఉ

ఈିଷ𝑓(𝑧); 𝑧൯ 

is univalent in U, then  

ℎ(𝑧) ≺ Φ൫𝒬ఉ
ఈ𝑓(𝑧), 𝒬ఉ

ఈିଵ𝑓(𝑧), 𝒬ఉ
ఈିଶ𝑓(𝑧), 𝒬ఉ

ఈିଷ𝑓(𝑧); 𝑧൯                 (4.3) 

implies that 
𝑞(𝑧) ≺ 𝒬ఉ

ఈ𝑓(𝑧), (𝑧 ∈ 𝑈). 

Theorem (4.1) and (4.2) can only be used to obtain subordination for the Third-Order differential 
superordination of the form (4.2) or (4.3). The following theorem gives the existence of the best 
subordinant of (4.3) for suitable Φ. 
Theorem (4.3). Let the function ℎ be univalent in 𝑈. Also let Φ: ℂସ × 𝑈ഥ → ℂ and  𝜑 be given by 
(3.9). Suppose that the following differential equation: 

𝜑(𝑞(𝑧), 𝑧𝑞ᇱ(𝑧), 𝑧ଶ𝑞ᇱᇱ(𝑧), 𝑧ଷ𝑞ᇱᇱᇱ(𝑧); 𝑧) = ℎ(𝑧)                              (4.4) 
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has a solution 𝑞(𝑧) ∈ ℚ°. If the functions 𝑓 ∈ 𝒜, and 𝒬ఉ
ఈ𝑓(𝑧) ∈ ℚ଴, and if 𝑞 ∈ 𝐻଴ with 𝑞ᇱ(𝑧) ≠

0, satisfying the following conditions (4.1) and the function  

Φ൫𝒬ఉ
ఈ𝑓(𝑧), 𝒬ఉ

ఈିଵ𝑓(𝑧), 𝒬ఉ
ఈିଶ𝑓(𝑧), 𝒬ఉ

ఈିଷ𝑓(𝑧); 𝑧൯ 

is analytic in U, then  

ℎ(𝑧) ≺ Φ൫𝒬ఉ
ఈ𝑓(𝑧), 𝒬ఉ

ఈିଵ𝑓(𝑧), 𝒬ఉ
ఈିଶ𝑓(𝑧), 𝒬ఉ

ఈିଷ𝑓(𝑧); 𝑧൯ 

implies that 
𝑞(𝑧) ≺ 𝒬ఉ

ఈ𝑓(𝑧), (𝑧 ∈ 𝑈) 

and 𝑞(𝑧) is the best subordinant. 
Proof. By applying Theorem (4.1) and (4.2), we deduce that 𝑞 is a subordinant of (4.3). Since 𝑞 
satisfies (4.4), it is also a solution of (4.3) and therefore, 𝑞 will be subordinant by all subordinants. 
Hence 𝑞 is the best subordinant. This completes the proof of Theorem (4.3). 
Definition (4.2). Let 𝛺 be a set in ℂ and 𝑞 ∈ 𝐻ଵ with 𝑞ᇱ(𝑧) ≠ 0 . The class of admissible function 
ℒ௝,ଵ

ᇱ [Ω, 𝑞] consists of those functions Φ: ℂସ × 𝑈ഥ → ℂ ,that satisfy the following admissibility 

conditions: 
Φ(𝑎, 𝑏, 𝑐, 𝑑; 𝜉) ∈ Ω, 

whenever 

𝑎 = 𝑞(𝑧), 𝑏 =
𝑧𝑞ᇱ(𝑧) + 𝑚(𝛼 + 𝛽)𝑞(𝑧)

𝑚(𝛼 + 𝛽)
, 

𝑅𝑒 ቆ
(𝛼 + 𝛽)[𝑐 + 𝑎 − 2𝑏]

𝑏 − 𝑎
ቇ ≤

1

𝑚
𝑅𝑒 ቆ

𝑧𝑞ᇱᇱ(𝑧)

𝑞ᇱ(𝑧)
+ 1ቇ 

and 

𝑅𝑒 ቀ
(ఈାఉ)మ[ௗିଷ௖ାଷ௕ି௔]ି(ఈାఉ)[ହ௔ାଷ(௖ିଶ௕)]

௕ି௔
+ 2ቁ ≤

ଵ

௠మ
𝑅𝑒 ቀ

௭మ௤ᇲᇲᇲ(௭)

௤ᇲ(௭)
ቁ, 

where 𝑧 ∈ 𝑈, 𝜉 ∈ 𝜕𝑈 and 𝑚 ≥ 2. 

Theorem (4.4). Let Φ ∈ ℒ௝,ଵ
ᇱ [Ω, 𝑞]. If the function 𝑓 ∈ 𝒜 and 

𝒬ഁ
ഀషభ௙(௭)

௭
∈ ℚଵ, and if 𝑞 ∈ 𝐻ଵwith 

𝑞ᇱ(𝑧) ≠ 0, satisfying the following conditions: 

𝑅𝑒 ቆ
𝜉𝑞ᇱᇱ(𝜉)

𝑞ᇱ(𝜉)
ቇ ≥ 0, ቤ

𝒬ఉ
ఈିଵ𝑓(𝑧)

𝑧𝑞ᇱ(𝑧)
ቤ ≤ 𝑚                                     (4.5) 

and the function 

Φ ቆ
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଶ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଷ𝑓(𝑧)

𝑧
; 𝑧ቇ, 

is univalent in 𝑈, then 

Ω ⊂ ൜Φ ൬
𝒬ഁ

ഀ௙(௭)

௭
,

𝒬ഁ
ഀషభ௙(௭)

௭
,

𝒬ഁ
ഀషమ௙(௭)

௭
,

𝒬ഁ
ഀషయ௙(௭)

௭
; 𝑧൰ : 𝑧 ∈ 𝑈ൠ                 (4.6) 

implies that 

𝑞(𝑧) ≺
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
, (𝑧 ∈ 𝑈). 
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Proof. Let the function 𝑝(𝑧) be defined by (3.17) and 𝜑 by (3.23). Since Φ ∈ ℒ௝,ଵ
ᇱ [Ω, 𝑞], we find 

from (3.24) and (4.6) that 
Ω ⊂ {𝜑(𝑝(𝑧), 𝑧𝑝ᇱ(𝑧), 𝑧ଶ𝑝ᇱᇱ(𝑧), 𝑧ଷ𝑝ᇱᇱᇱ(𝑧); 𝑧): 𝑧 ∈ 𝑈} 

From the equations (3.21) and (3.22), we see that the admissibility condition for Φ ∈ ℒ௝,ଵ
ᇱ [Ω, 𝑞] in 

Definition (4.1) is equivalent to the admissibility condition for 𝜑 as given in Definition (2.3) with 
𝑛 = 2. Hence 𝜑 ∈ Ψଶ

ᇱ[Ω, 𝑞] and by using (4.6) and Lemma (2.2), we have  

𝑞(𝑧) ≺
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
, (𝑧 ∈ 𝑈). 

This completes the proof of Theorem (4.4). 
       If 𝛺 ≠ ℂ is a simply connected domain, then 𝛺 = ℎ(𝑈) for some conformal mapping ℎ(𝑧) of 𝑈 
onto 𝛺. In this case, the class ℒ௝,ଵ

ᇱ [h(U), 𝑞] is written as ℒ௝,ଵ
ᇱ [h, 𝑞]. This leads to the following 

immediate consequence of Theorem (4.4). 
Theorem (4.5). Let Φ ∈ ℒ௝,ଵ

ᇱ [h, 𝑞] and  ℎ be analytic in 𝑈. If the functions 𝑓 ∈ 𝒜, with 𝑞 ∈ 𝐻ଵ 

and 𝑞ᇱ(𝑧) ≠ 0, satisfying the following conditions (4.5) and the function 

Φ ቆ
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଶ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଷ𝑓(𝑧)

𝑧
; 𝑧ቇ 

is univalent in 𝑈,then  

ℎ(𝑧) ≺ Φ ቆ
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଶ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଷ𝑓(𝑧)

𝑧
; 𝑧ቇ, 

implies that  

𝑞(𝑧) ≺
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
, (𝑧 ∈ 𝑈). 

Definition (4.3). Let 𝛺 be a set in ℂ and 𝑞 ∈ 𝐻ଵ with 𝑞ᇱ(𝑧) ≠ 0 . The class of admissible functions 
ℒ௝,ଶ

ᇱ [Ω, 𝑞] consists of those functions Φ: ℂସ × 𝑈ഥ → ℂ ,that satisfy the following admissibility 

conditions: 
Φ(𝑎, 𝑏, 𝑐, 𝑑; 𝜉) ∈ Ω, 

whenever 

𝑎 = 𝑞(𝑧), 𝑏 =
1

𝛼 + 𝛽
൥
𝑧𝑞ᇱ(𝑧) + 𝑚(𝛼 + 𝛽)൫𝑞(𝑧)൯

ଶ

𝑚𝑞(𝑧)
൩, 

𝑅𝑒 ቆ
(𝛼 + 𝛽)[𝑐𝑏 + 2𝑎ଶ − 3𝑎𝑏]

𝑏 − 𝑎
ቇ ≤

1

𝑚
 𝑅𝑒 ቆ

𝑧𝑞ᇱᇱ(𝑧)

𝑞ᇱ(𝑧)
+ 1ቇ 

and 

𝑅𝑒൫ൣ𝑏𝑐(𝑑 − 𝑐)(𝛼 + 𝛽)ଶ − 𝑏(𝛼 + 𝛽)(𝑐 − 𝑏)[(𝛼 + 𝛽)(3𝑎 − 𝑏 + 1) + 3]൧(𝑎 − 𝑏)ିଵ −

2𝑎(𝛼 + 𝛽) + (𝛼 + 𝛽)(𝑏 − 𝑎)[(𝛼 + 𝛽)(𝑏 − 5𝑎) − 3] + 2൯ ≤
ଵ

௠మ
𝑅𝑒 ቀ

௭మ௤ᇲᇲᇲ(௭)

௤ᇲ(௭)
ቁ, 

where 𝑧 ∈ 𝑈, 𝜉 ∈ 𝜕𝑈\𝐸(𝑞) and 𝑘 ≥ 2. 
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Theorem (4.6). Let Φ ∈ ℒ௝,ଶ
ᇱ [Ω, 𝑞]. If the function 𝑓 ∈ 𝒜 and 

𝒬ഁ
ഀషభ௙(௭)

𝒬ഁ
ഀ௙(௭)

∈ ℚଵ, and if 𝑞 ∈ 𝐻ଵwith 

𝑞ᇱ(𝑧) ≠ 0, satisfying the following conditions: 

𝑅𝑒 ቆ
𝜉𝑞ᇱᇱ(𝜉)

𝑞ᇱ(𝜉)
ቇ ≥ 0, ቤ

𝒬ఉ
ఈିଶ𝑓(𝑧)

𝒬ఉ
ఈିଵ𝑓(𝑧)

ቤ ≤ 𝑚                                     (4.7) 

and the function 

Φ ቆ
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝒬ఉ
ఈ𝑓(𝑧)

,
𝒬ఉ

ఈିଶ𝑓(𝑧)

𝒬ఉ
ఈିଵ𝑓(𝑧)

,
𝒬ఉ

ఈିଷ𝑓(𝑧)

𝒬ఉ
ఈିଶ𝑓(𝑧)

,
𝒬ఉ

ఈିସ𝑓(𝑧)

𝒬ఉ
ఈିଷ𝑓(𝑧)

; 𝑧ቇ 

is univalent in 𝑈, then 

Ω ⊂ ൜Φ ൬
𝒬ഁ

ഀషభ௙(௭)

𝒬ഁ
ഀ௙(௭)

,
𝒬ഁ

ഀషమ௙(௭)

𝒬ഁ
ഀషభ௙(௭)

,
𝒬ഁ

ഀషయ௙(௭)

𝒬ഁ
ഀషమ௙(௭)

,
𝒬ഁ

ഀషర௙(௭)

𝒬ഁ
ഀషయ௙(௭)

; 𝑧൰ : 𝑧 ∈ 𝑈ൠ              (4.8) 

implies that 

𝑞(𝑧) ≺
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝒬ఉ
ఈ𝑓(𝑧)

, (𝑧 ∈ 𝑈). 

Proof. Let the function 𝑝(𝑧) be defined by (3.30) and 𝜑 by (3.36). Since Φ ∈ ℒ௝,ଶ
ᇱ [Ω, 𝑞], we find 

from (3.37) and (4.8) that 
Ω ⊂ {𝜑(𝑝(𝑧), 𝑧𝑝ᇱ(𝑧), 𝑧ଶ𝑝ᇱᇱ(𝑧), 𝑧ଷ𝑝ᇱᇱᇱ(𝑧); 𝑧): 𝑧 ∈ 𝑈}. 

 
From the equations (3.34) and (3.35), we see that the admissibility condition for Φ ∈ ℒ௝,ଶ

ᇱ [Ω, 𝑞] in 

Definition (4.3) is equivalent to the admissibility condition for 𝜑 as given in Definition (2.5) when 
𝑛 = 2. Hence 𝜑 ∈ Ψଶ

ᇱ[Ω, 𝑞] and by using (4.7) and Lemma (2.2), we have  

𝑞(𝑧) ≺
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝒬ఉ
ఈ𝑓(𝑧)

, (𝑧 ∈ 𝑈). 

This completes the proof of Theorem (4.6). 

Theorem (4.7). Let Φ ∈ ℒ௝,ଶ
ᇱ [Ω, 𝑞]. If the function 𝑓 ∈ 𝒜 and 

𝒬ഁ
ഀషభ௙(௭)

𝒬ഁ
ഀ௙(௭)

∈ ℚଵ, and if 𝑞 ∈ 𝐻ଵwith 

𝑞ᇱ(𝑧) ≠ 0, satisfying the following conditions (4.7) and the function  

Φ ቆ
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝒬ఉ
ఈ𝑓(𝑧)

,
𝒬ఉ

ఈିଶ𝑓(𝑧)

𝒬ఉ
ఈିଵ𝑓(𝑧)

,
𝒬ఉ

ఈିଷ𝑓(𝑧)

𝒬ఉ
ఈିଶ𝑓(𝑧)

,
𝒬ఉ

ఈିସ𝑓(𝑧)

𝒬ఉ
ఈିଷ𝑓(𝑧)

; 𝑧ቇ, 

is univalent in 𝑈, then  

ℎ(𝑧) ≺ Φ ቆ
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝒬ఉ
ఈ𝑓(𝑧)

,
𝒬ఉ

ఈିଶ𝑓(𝑧)

𝒬ఉ
ఈିଵ𝑓(𝑧)

,
𝒬ఉ

ఈିଷ𝑓(𝑧)

𝒬ఉ
ఈିଶ𝑓(𝑧)

,
𝒬ఉ

ఈିସ𝑓(𝑧)

𝒬ఉ
ఈିଷ𝑓(𝑧)

; 𝑧ቇ 

implies that  

𝑞(𝑧) ≺
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝒬ఉ
ఈ𝑓(𝑧)

, (𝑧 ∈ 𝑈). 
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5- Sandwich Results 
By combining Theorem (3.2) and (4.2), we obtain the following sandwich-type theorem. 
Theorem (5.1). Let ℎଵ and 𝑞ଵ be analytic functions in 𝑈. Also let ℎଶ be univalent function in 𝑈 
and 𝑞ଶ ∈ ℚ଴ with 𝑞ଵ(0) = 𝑞ଶ(0) = 1 and Φ ∈ ℒ௝[ℎଶ, 𝑞ଶ] ∩ ℒ௝

ᇱ[ℎଵ, 𝑞ଵ]. If the function 𝑓 ∈ 𝒜 with 

𝒬ఉ
ఈ𝑓(𝑧) ∈ ℚ଴ ∩ 𝐻଴ and the function  

Φ൫𝒬ఉ
ఈ𝑓(𝑧), 𝒬ఉ

ఈିଵ𝑓(𝑧), 𝒬ఉ
ఈିଶ𝑓(𝑧), 𝒬ఉ

ఈିଷ𝑓(𝑧); 𝑧൯, 

is univalent in 𝑈, and if the conditions (3.1) and (4.1) are satisfied, then  

ℎଵ(𝑧) ≺ Φ൫𝒬ఉ
ఈ𝑓(𝑧), 𝒬ఉ

ఈିଵ𝑓(𝑧), 𝒬ఉ
ఈିଶ𝑓(𝑧), 𝒬ఉ

ఈିଷ𝑓(𝑧); 𝑧൯ ≺ ℎଶ(𝑧) 

implies that 
𝑞ଵ(𝑧) ≺ 𝒬ఉ

ఈ𝑓(𝑧) ≺ 𝑞ଶ(𝑧), (𝑧 ∈ 𝑈).                               (5.1) 

      If, on the order hand, we combine Theorem (3.5) and (4.5), we obtain the following sandwich-
type Theorem. 
Theorem (5.2). Let ℎଵ and 𝑞ଵ be analytic functions in 𝑈. Also let ℎଶ be univalent function in 𝑈 
and 𝑞ଶ ∈ ℚଵ with 𝑞ଵ(0) = 𝑞ଶ(0) = 1 and Φ ∈ ℒ௝,ଵ[ℎଶ, 𝑞ଶ] ∩ ℒ௝,ଵ

ᇱ [ℎଵ, 𝑞ଵ]. If the function 𝑓 ∈ 𝒜 

with 
𝒬ഁ

ഀ௙(௭)

௭
∈ ℚଵ ∩ 𝐻ଵ and the function  

Φ ቆ
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଶ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଷ𝑓(𝑧)

𝑧
; 𝑧ቇ, 

is univalent in 𝑈, and if the conditions (3.15) and (4.5) are satisfied, then  

ℎଵ(𝑧) ≺ Φ ቆ
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଶ𝑓(𝑧)

𝑧
,
𝒬ఉ

ఈିଷ𝑓(𝑧)

𝑧
; 𝑧ቇ ≺ ℎଶ(𝑧) 

implies that 

𝑞ଵ(𝑧) ≺
𝒬ఉ

ఈ𝑓(𝑧)

𝑧
≺ 𝑞ଶ(𝑧), (𝑧 ∈ 𝑈).                               (5.2) 

Theorem (5.3). Let ℎଵ and 𝑞ଵ be analytic functions in 𝑈. Also let ℎଶ be univalent function in 𝑈 
and 𝑞ଶ ∈ ℚଵ with 𝑞ଵ(0) = 𝑞ଶ(0) = 1 and Φ ∈ ℒ௝,ଶ[ℎଶ, 𝑞ଶ] ∩ ℒ௝,ଶ

ᇱ [ℎଵ, 𝑞ଵ]. If the function 𝑓 ∈ 𝒜 

with 
𝒬ഁ

ഀషభ௙(௭)

𝒬ഁ
ഀ௙(௭)

∈ ℚଵ ∩ 𝐻ଵ and the function  

Φ ቆ
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝒬ఉ
ఈ𝑓(𝑧)

,
𝒬ఉ

ఈିଶ𝑓(𝑧)

𝒬ఉ
ఈିଵ𝑓(𝑧)

,
𝒬ఉ

ఈିଷ𝑓(𝑧)

𝒬ఉ
ఈିଶ𝑓(𝑧)

,
𝒬ఉ

ఈିସ𝑓(𝑧)

𝒬ఉ
ఈିଷ𝑓(𝑧)

; 𝑧ቇ, 

is univalent in 𝑈, and if the conditions (3.28) and (4.7) are satisfied, then  

ℎଵ(𝑧) ≺ Φ ቆ
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝒬ఉ
ఈ𝑓(𝑧)

,
𝒬ఉ

ఈିଶ𝑓(𝑧)

𝒬ఉ
ఈିଵ𝑓(𝑧)

,
𝒬ఉ

ఈିଷ𝑓(𝑧)

𝒬ఉ
ఈିଶ𝑓(𝑧)

,
𝒬ఉ

ఈିସ𝑓(𝑧)

𝒬ఉ
ఈିଷ𝑓(𝑧)

; 𝑧ቇ ≺ ℎଶ(𝑧) 

implies that 

𝑞ଵ(𝑧) ≺
𝒬ఉ

ఈିଵ𝑓(𝑧)

𝒬ఉ
ఈ𝑓(𝑧)

≺ 𝑞ଶ(𝑧), (𝑧 ∈ 𝑈).                               (5.3) 
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